Rapid state control of quantum systems is significant in reducing the influence of relaxation or decoherence caused by the environment and enhancing the capability in dealing with uncertainties in the model and control process. Bang-bang Lyapunov control can speed up the control process, but cannot guarantee convergence to a target state. This paper proposes two classes of new Lyapunov control methods that can achieve rapidly convergent control for quantum states. One class is switching Lyapunov control where the control law is designed by switching between bang-bang Lyapunov control and standard Lyapunov control. The other class is approximate bang-bang Lyapunov control where we propose two special control functions which are continuously differentiable and yet have a bang-bang type property. Related stability results are given and a construction method for the degrees of freedom in the Lyapunov function is presented to guarantee rapid convergence to a target eigenstate being isolated in the invariant set. Several numerical examples demonstrate that the proposed methods can achieve improved performance for rapid state control of quantum systems.
Introduction
Quantum control has the potential to play important roles in the development of quantum information technology and quantum chemistry, and has received wide attention from different fields such as quantum information, chemical physics and quantum optics [1, 2, 3, 4, 5, 6] . Transfer control between quantum states is one of the basic tasks in quantum control. Different control strategies such as optimal control [7, 8, 9, 10] , adiabatic control [11, 12] , Lyapunov control methods [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] , H ∞ and LQG control [24, 25, 26] , and sliding mode control [27, 28] have been presented for controller design in quantum systems. Among these control strategies, Lyapunov control methods have been extensively studied for quantum systems due to their simplicity and intuitive nature in the design of control fields [29, 30, 31, 32, 33] . In Lyapunov control, a Lyapunov function is constructed using information on states or operators related to the quantum system [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 29, 30, 31, 32, 33] and the associated control law is designed based on the Email addresses: skuang@ustc.edu.cn (Sen Kuang), daoyidong@gmail.com (Daoyi Dong), i.r.petersen@gmail.com (Ian R. Petersen).
Lyapunov function (feedback design). Then the control law can be implemented in an open-loop way. From the viewpoint of control theory, one hopes that any system trajectory converges to a desired target state. Unfortunately, the LaSalle invariance principle used in Lyapunov control methods cannot guarantee convergence of any system trajectory to a target state. Some methods such as using implicit Lyapunov functions or switching control methods have been developed to achieve approximate or asymptotic convergence for some specific quantum control tasks (see, e.g., [14, 16, 19, 21] ).
For quantum systems, rapid state control is of importance because a realistic quantum system cannot be perfectly separated from its environment, which will cause a relaxation or decoherence effect. In the context of quantum information processing, rapid control is a basic requirement for performance improvement in quantum computing. In practical applications, robustness has been recognized as a key requirement for the development of quantum technology [34, 35, 36, 37, 38, 39, 40, 41] . Rapid control may make the control law more robust to uncertainties in the model or in the control process. Time optimal control methods have been proposed to achieve rapid control for quantum systems [42, 43, 44] . However, it is very difficult to obtain the optimal control law for general quantum systems [42, 43, 44] . In [22] , an optimal Lyapunov design method has been proposed to design a control law for rapid state transfer in quantum systems. Under power-type and strength-type constraints on the control fields, two kinds of Lyapunov control laws were proposed. In particular, the strength-type constraint led to a bang-bang Lyapunov control. In [23] , the convergence problem for bang-bang Lyapunov control law is further discussed for two-level quantum systems.
The bang-bang Lyapunov control method in [22, 23] can be used to achieve rapid state control for some practical quantum systems with a high level of fidelity. However, since the control function of bang-bang Lyapunov control is not continuously differentiable, the LaSalle invariance principle cannot be directly used to guarantee convergence. We show that a high-frequency oscillation with an infinitesimal period may occur in bang-bang Lyapunov control, which prevents effective transfer to the target state. Such control fields can also not be realized in the laboratory. In order to achieve rapidly convergent control in state transfer, we propose two classes of new Lyapunov control methods in this paper: switching Lyapunov control and approximate bang-bang Lyapunov control. We first derive a sufficient condition for a two-level system that shows a high-frequency oscillation with an infinitesimal period in bang-bang Lyapunov control. Then we design a switching strategy, i.e., switching between bang-bang Lyapunov control and standard Lyapunov control. For approximate bang-bang Lyapunov control, we design two special control functions that incorporate bang-bang and smoothness properties. These proposed Lyapunov design methods can achieve rapidly convergent control in quantum systems, which is demonstrated by several numerical examples involving a twolevel system, a three-level system and a two-qubit superconducting system. This paper is organized as follows. Section 2 presents the system model, and analyzes the robustness of open-loop quantum control. Section 3 discusses Lyapunov functions with various degrees of freedom, presents several stability results, and develops a construction method for designing the degrees of freedom in the Lyapunov function. A switching strategy between bang-bang and standard Lyapunov control schemes is proposed and the switching condition is investigated in Section 4. In Section 5, we propose two approximate bang-bang Lyapunov control methods. Three numerical examples are presented to demonstrate the performance of the proposed rapid Lyapunov control strategies in Section 6. Conclusions are presented in Section 7. 2 System model and robustness of control
Models of finite-dimensional quantum systems
Assume that the quantum system under consideration is an N -dimensional and controllable closed system [45] , described by the following Liouville-von Neumann equation:ρ
where ρ(t) ∈ C N ×N is a density matrix describing the state of the system; H 0 is the internal Hamiltonian, and H k is the control Hamiltonian that describes the interaction between the external control fields and the system (H 0 and H k are time-independent Hermitian matrices); and u k (t) (k = 1, · · · , m) are external real-valued control fields. In the energy representation, H 0 has a diagonal form, i.e., H 0 = diag[λ 1 , λ 2 , · · · , λ N ]. We call ω ab λ a − λ b (a, b ∈ {1, 2, · · · , N }) the transition frequency between the energy levels λ a and λ b . Denote |λ j as the eigenvector of H 0 corresponding to the eigenvalue λ j , i.e., |λ
T where the j-th element is 1 and other elements are 0. All |λ j , (j = 1, · · · , N ) form an orthogonal basis of the N dimensional complex Hilbert space C N .
Since the Hamiltonian
is a Hermitian matrix, the evolution of the system (1) is unitary. For a given initial state ρ(0) = ρ 0 , the quantum state at time t, ρ(t), can always be written as
where U (t) is a unitary matrix with U (0) = I. Equation (2) indicates that the system state ρ(t) at any time always has the same spectrum with the initial state ρ 0 .
Using (1) and the property of the unitary operator U (t)U † (t) = U † (t)U (t) = I, we can undertake a differentiation calculation on both sides of (2) to obtain the Schrödinger equation for U (t):
with U (0) = I.
We assume that the control objective is to steer the system to an eigenstate of
Due to the isospectral evolution property of closed quantum systems and the fact that pure states (tr(ρ 2 ) = 1) and mixed states (tr(ρ 2 ) < 1) have different spectra, we assume that the initial state is a pure state since the target eigenstate ρ f is a pure state. Moreover, quantum pure states have wide applications in quantum information processing.
Also, the following conditions are assumed on the system:
Condition (4) means that the transition frequencies between the target eigenstate and other eigenstates are distinguishable, and that H 0 is non-degenerate, i.e., its all eigenvalues are mutually different. Condition (5) implies that there exists a direct coupling between the target eigenstate and any other eigenstate.
Robustness of open-loop quantum control
For a closed quantum system, we may use the model (1) to design an open-loop control law and then apply the control law to the practical system. Since any physical system is unavoidably affected by some uncertainties, the robustness of the control law should be considered. Possible perturbations to the quantum system (1) include perturbations of the internal Hamiltonian H 0 , and perturbations in the control Hamiltonian H k , inaccuracy in the control law, and inaccuracy in the initial states. Here, we mainly discuss perturbations in the Hamiltonian. The aim is to show that rapid control can make the control law more robust to uncertainties in the model or in the control process. This is another motivation (besides reducing the relaxation and decoherence effect) to develop rapid Lyapunov control in the following.
We denote the perturbations in the internal and control Hamiltonians as δH 0 and δH k , respectively, where δH 0 is a real diagonal matrix and δH k are Hermitian matrices. Thus, the internal and control Hamiltonians with perturbations can be written as H 0 = H 0 + δH 0 and H k = H k + δH k , respectively. We call the model (1) the nominal system and the system with δH 0 and δH k the perturbed system. Define ∆H δH 0 + m k=1 δH k u k (t). Then, the dynamics of the perturbed system can be described aṡ
where the Hermitian matrix ∆H is the uncertainty in the Hamiltonian H(t).
We assume that the uncertainty ∆H satisfies ∆H ≤ ε and that the introduction of ∆H does not break Conditions (4) and (5), i.e., ω af = ω bf (a = b = f ), where
. Now, we examine the effect of the uncertainty ∆H on the quantum system.
Theorem 1
We assume ∆H ≤ ε. For any initial pure state ρ 0 , the states of the nominal system (1) and the perturbed system (6) satisfy
, the distance betweenρ(T ) and the target state satisfies
PROOF. Similar to (3), we write the perturbed system (6) in terms of its time evolution operators U (t) as follows:˙
Since both U (t) and U (t) are unitary matrices, we let
Differentiating both sides of (8) with respect to t and considering (3) and (7), we have
Define U † (t)∆HU (t) Γ(t). We have Γ(t) ≤ ∆H ≤ ε. The Dyson series solution of (9) is the following time-ordered integral (10) where
For any initial state ρ(0) = ρ 0 , we have
Considering ρ(t) − ρ(t) ≤ 2, we have
For the perturbed system (6), when
Hence, when ε ≤
, we have ρ(T ) − ρ f ≤ ξ.
Theorem 1 can be regarded as a generalization to quantum systems of the continuous dependence on parameters of solutions to differential equations. Theorem 1 shows that, for given ξ and ξ 1 , if the nominal system (1) can approach the target state within a shorter time period, the perturbed system (6) can tolerate larger perturbations when guaranteeing given performance. That is to say, a rapidly convergent control for the nominal system (1) may lead to improved robustness. This paper develops rapidly convergent Lyapunov control methods for the system (1).
3 Lyapunov quantum control and stability
Lyapunov control design
Consider the following Lyapunov function:
where P is a positive semi-definite Hermitian operator that needs to be constructed for completing a given control task.
The time derivative of the Lyapunov function (15) is calculated aṡ
We design the control laws by guaranteeingV ≤ 0 in (16) . Considering the fact that tr(−iρ[P, H 0 ]) in (16) is independent of the control field u k (t) while P is an unknown Hermitian matrix to be constructed, we let
Since the diagonal matrix H 0 is non-degenerate, (17) implies that P is also a diagonal matrix. We denote
Using (17), (16) can be written aṡ
where
Thus, by guaranteeingV ≤ 0 in (18), we design a control law with the following general form:
where the control function f k (·) satisfies: 1) f k (x) (x ∈ R) is continuously differentiable with respect to x; 2) f k (0) = 0; and 3) f k (x) · x ≤ 0. In particular, we call the following control law the standard Lyapunov control in this paper:
where the control gain K k > 0 is used to adjust the amplitude of the control field u k (t).
General stability results
The control law (19) means that the whole "closedloop" system is a nonlinear autonomous system. We use the LaSalle invariance principle to analyze the stability of the system. The LaSalle principle ensures that the system (1) with the control fields (19) necessarily converges to the largest invariant set E contained in M {ρ :V (ρ) = 0}.
Assumeρ ∈ E and let ρ(0) =ρ. The invariance property guarantees thatV (ρ(t)) = 0 (t ≥ 0), which holds when
Substituting the solution ofρ(t) = −i[H 0 , ρ(t)]) into (21) and using (17), one has tr e −iH0tρ e iH0t [P,
Since the time function sequence 1, t, t 2 , · · · is linearly independent, and H 0 and P are diagonal, we have
Since H k andρ are Hermitian matrices, (23) reduces to
For even and odd n, (24) has the following forms, respectively:
We denote F N = N (N − 1) − 2, and define
Then (25) and (26) read
Since the system (1) evolves unitarily, the positive limit set of any evolution trajectory has the same spectrum as its initial state. Thus, the invariant set that the system with the control law (19) will converge to can be characterized in the following theorem.
Theorem 2 Given an arbitrary initial pure or mixed state ρ 0 , and under the action of the control fields (19) , the system (1) converges to the invariant set
where λ(A) represents the spectrum of "A", and M, P, Ω and ξ k are defined by (27) - (30) .
From Theorem 2, the invariant set that the system converges to is dependent on the transition frequencies of the system, the diagonal values of P , the initial state ρ 0 and the connectivity of H k . When these factors satisfy some particular conditions, it is possible to obtain a simpler form for the invariant set (see [31] ).
Construction of Hermitian operator P
In this subsection, we study the construction method of P to achieve convergence to the target eigenstate ρ f . Thus, we only consider the case of initial pure states. For the system (1), all possible initial pure states can be divided into two classes: initial states satisfying either tr(ρ 0 ρ f ) = 0 or tr(ρ 0 ρ f ) = 0. In this subsection, we give a method for constructing P to achieve convergence to the target state for these two classes of initial states, respectively.
When the initial state ρ 0 satisfies tr(ρ 0 ρ f ) = 0, we have the following result.
Theorem 3 Consider the system (1) satisfying Conditions (4), (5) and with the control fields (19) . Assume that the target eigenstate ρ f and the initial pure state ρ 0 satisfy tr(ρ 0 ρ f ) = 0. If the diagonal elements of P satisfy p j = p > p f ≥ 0, (j = {1, 2, · · · , N }/f ), then ρ f is isolated in the invariant set E(ρ 0 ) and the system state starting from ρ 0 necessarily converges to ρ f . (4) and (5), we can simplify the invariant set E(ρ 0 ) in Theorem 2. For convenience of expression, we assume that the target eigenstate is the N -th eigenstate of H 0 , i.e.,
PROOF. Using Conditions
Thus, (31) and (32) are equivalent to 
. . .
respectively. Using Condition (4), one can obtain
Hence, all states in the invariant set E(ρ 0 ) are of the formρ = 
For any initial pure state ρ 0 which satisfies tr(
Hence, when tr(ρ 0 ρ f ) = 0 and p > p f , the system (1) necessarily converges to the target state ρ f .
When the initial state ρ 0 satisfies tr(ρ 0 ρ f ) = 0, we have ρ 0 ∈ E 2 (ρ 0 ). That is to say, under the construction relation of P in Theorem 3, the control law (19) cannot enable any state transfer. In this case, there exists a j ∈ {1, 2, · · · , N }/f such that λ j |ρ 0 |λ j = 0. Thus, we may use the following switching control to achieve convergence to the target state:
where ω jf λ j − λ f , and t 0 is a small time duration.
When t 0 is small, the state ρ(t 0 ) is not in the invariant set E(ρ 0 ). If we take ρ(t 0 ) as a new initial state, then Theorem 3 guarantees that the control law (19) can achieve convergence to the target state. Thus, we have the following conclusion.
Theorem 4 Consider the system (1) satisfying Conditions (4), (5) and with the switching control (33) . Assume that the target eigenstate ρ f and the initial pure state ρ 0 satisfy tr(ρ 0 ρ f ) = 0. If the switching time t 0 satisfies ρ(t 0 ) / ∈ E(ρ 0 ) and the diagonal elements of P satisfy p j = p > p f ≥ 0 (j = {1, 2, · · · , N }/f ), then the system state starting from ρ 0 necessarily converges to ρ f .
For general continuously differentiable control function (19) , the construction relation in Theorems 3 and 4 ensures convergence to the target eigenstate. Based on the construction relation of P , we propose two new methods including switching Lyapunov control and approximate bang-bang Lyapunov control to achieve rapidly convergent Lyapunov control.
Switching between Lyapunov control schemes
To speed up the control process, Ref. [22] proposed two design methods for quantum systems with power-type constraints and strength-type constraints such thatV in (18) takes the minimum value at each moment. For the case with strength-type constraints, the "optimal" control law is the following bang-bang Lyapunov control:
where S is the maximum admissible strength of each control field, i.e., |u k (t)| ≤ S.
The bang-bang Lyapunov control in (34) makesV in (18) satisfyV ≤ 0, and can speed up completing some quantum control tasks. Especially, the state may move rapidly towards the target state at the early stages of the control [22] . However, convergence cannot be guaranteed since the control function is not continuously differentiable. Here, we first show that the bang-bang Lyapunov control may lead to a high-frequency oscillation phenomena [22, 23] , which prevents effective state transfer towards the target state. Then, we propose two classes of switching Lyapunov control strategies to achieve rapidly convergent control, i.e., switching between the bangbang Lyapunov control and the standard Lyapunov control, and switching between bang-bang Lyapunov control schemes with variable control strengths.
High-frequency oscillation in bang-bang Lyapunov control
In this subsection, we present a sufficient condition for two-level quantum systems that high-frequency oscillation phenomena occur in the bang-bang Lyapunov control [22] , which can be used to determine switching conditions for the design of switching Lyapunov control. We first give the following definition.
Definition 5
The control law (34) is said to have a highfrequency oscillation with an infinitesimal period at time
Since the control in (34) can take on only one of three constant values (0 and ±S) at any time, the highfrequency oscillation in Definition 5 means that the control always jumps between these values after an arbitrarily small time duration in the interval [t 0 , t 0 + ǫ]. Such a control field cannot be realized in practice.
Now consider the system model (1) in the case of two energy levels, and denote its internal Hamiltonian as H 0 and its control Hamiltonian as H 1 :
where r = 0.
We define the first eigenstate |λ 1 [1, 0] T as the excited state, |λ 2 [0, 1] T as the ground state, and
Let the excited state |λ 1 be the target state. According to Theorem 3 or Theorem 4, P can be chosen as
. From (34), T 1 = 0 holds at any zero point of the bangbang Lyapunov control. For convenience of analysis, in this paper we denote such moments as0 to differentiate them from the initial moment 0. Thus, we have
Equation (37) equals that r * ρ 12 (0) ∈ R. For the twolevel system, we have the following result.
Theorem 6 Consider the two-level systeṁ
with the Hamiltonians (35) and the bang-bang Lyapunov control (34) (where k = 1). Assume that the initial state of the system is an arbitrary pure state. We denote the state at any zero point of the control field0 (i.e.,
. Then, a sufficient condition for the bang-bang Lyapunov control (34) to have a high-frequency oscillation with an infinitesimal period is |r| ρ 11 (0) − ρ 22 (0)
PROOF. Assume that from the state ρ(0), a constant control u 1 (t) = u acts on the system and lasts to time t. Write the state at time t as ρ(t) = e −i(H0+H1u)t ρ(0)e i(H0+H1u)t . We have
, and
, then e i(H0+H1u)t [P, H 1 ]e −i(H0+H1u)t in (40) can be calculated as
where we have used the series formula , (x ∈ R).
Substituting (41) into (40) gives
Using (42), we prove the conclusion in the theorem by contradiction.
For ρ 12 (0) = 0, we first assume that the control field after 0 is u = S which can last for a given small time duratioñ t 1 (t 1 > 0). Then, (34) guarantees that T 1 (t) < 0 holds for t ∈ (0,t 1 ). It follows from the condition (39) that S|r| 2 (ρ 11 (0) − ρ 22 (0)) ≥ ω 12 |r * ρ 12 (0)| ≥ ω 12 r * ρ 12 (0). Considering (42), we have T 1 (t) ≥ 0 holds for t ∈ (0,t 1 ). Such a contradiction implies that the constant control u = S from0 cannot last for any finite time durationt 1 . Similarly, if the control field after0 is u = −S which can last for a small non-zero time durationt 1 , then (34) guarantees that T 1 (t) > 0 holds for t ∈ (0,t 1 ). It follows from the condition (39) that
Considering (42), we know that T 1 (t) ≤ 0 holds for t ∈ (0,t 1 ). Such a contradiction implies that the constant control u = −S cannot last for a finite time duration from0. For the case of u = 0, it is straightforward to obtain a contradiction from (42).
Since T 1 (t) is a continuous function of t, we consider another zero point0 2 following0. Considering that the Lyapunov function V = p 1 ρ 11 + pρ 22 
S holds. That is to say, the condition (39) still holds at the zero point0 2 . We can conclude that the bang-bang Lyapunov control has a high-frequency oscillation with an infinitesimal period when the condition (39) is satisfied.
According to Theorem 6, when ρ(0) satisfies (39), the bang-bang Lyapunov control has a high-frequency oscillation with an infinitesimal period. Such a control field with a high-frequency oscillation cannot guarantee effective state transfer for the two-level system as well as it is not physically realizable. When ρ 12 (0) = 0 and
we can show that there exists an appropriate bang-bang Lyapunov control to achieve effective state transfer. For example, when r * ρ 12 (0) > 0 and u = S, T 1 (t) < 0 in (42) can last at least for π ωu . Hence, the condition in (39) will be used to design the switching control law in the following subsection.
Remark 7
Since ω 12 > 0, the right-hand side of (39) is positive. Hence, ρ 11 (0) > ρ 22 (0) in the left side always holds. This clearly shows that any high-frequency oscillation with an infinitesimal period only may occur when ρ 11 (0) > 1 2 . For any zero point0 of the bangbang Lyapunov control (34) , when the state ρ(0) satisfies ρ 12 (0) = 0, a direct calculation of T 1 with only an internal Hamiltonian H 0 shows that the control field will always be zero and the state transfer will stop. That is to say, the system state in this case is within the invariant set. When ρ(0) satisfies (39), the control law has a highfrequency oscillation with an infinitesimal period and cannot guarantee convergence toward the target state.
Remark 8 Theorem 6 only considers two-level systems. For general N -level systems, the high-frequency oscillation phenomena in bang-bang Lyapunov control may also occur. However, it is very difficult to establish a strict sufficient condition for the high-frequency oscillation phenomena in this case.
Switching design between bang-bang and standard Lyapunov control schemes
We consider two-level systems. In order to avoid possible high-frequency oscillations with infinitesimal periods in the bang-bang Lyapunov control (34), we design the switching control as follows. If the high-frequency oscillation condition in Theorem 6 is not satisfied, we apply the bang-bang Lyapunov control law (34) to the system; once the condition is satisfied at a certain zero point0, we switch to the standard Lyapunov control.
The standard Lyapunov control (20) needs to satisfy the strength constraint, i.e., |u 1 (t)| ≤ S. Calculating T 1 (t) gives
We can obtain an estimate of the amplitude of T 1 (t) as
For (45), when ρ 11 (t) = 1 2 , 2(p−p 1 )|r| (1−ρ 11 (t))ρ 11 (t) reaches its maximum value. |T 1 (t)| may reach its maximum when the initial ρ 0 satisfies tr(ρ 0 ρ f ) < 1 2 . To guarantee that the standard Lyapunov control does not exceed the maximum admissible strength for all possible initial states, we choose
Thus, we can design a switching control law as follows:
Note that switching between the bang-bang Lyapunov control and the standard Lyapunov control may only occur at zero points of T 1 (t). From the initial time t = 0, the bang-bang Lyapunov control should be first used unless T 1 (0) = 0.
Remark 9
Observing the high-frequency oscillation condition for two-level systems in Theorem 6, it is clear that reducing the bang-bang Lyapunov control strength can avoid high-frequency oscillations. This observation tells us that we can also develop a new switching design strategy involving switching between bang-bang Lyapunov controls with different control bounds. Such a switching strategy is outlined in the Appendix.
Stability of switching Lyapunov control
Based on the construction relation of P in subsection 3.3, bang-bang Lyapunov control can speed up the control process, but cannot guarantee convergence to the target state; while the standard Lyapunov control can guarantee convergence. Therefore, dependent on different initial states, the switching design strategy in subsection 4.2 can achieve rapidly convergent control.
Theorem 10 Consider the two-level system (38) with the Hamiltonians (35) . Assume that the target state ρ f is the excited state ρ 1 = |λ 1 λ 1 |, and that the initial state ρ 0 is an arbitrary pure state. The diagonal elements of P satisfy p 2 = p > p f = p 1 ≥ 0. Then, the following conclusions hold: i) the largest invariant set of the system with the switching Lyapunov control (47) is E ′ = {ρ f } ∪ {ρ 2 }, where ρ 2 |λ 2 λ 2 |; ii) when ρ 0 satisfies tr(ρ 0 ρ f ) = 0, with the switching Lyapunov control (47), the system trajectory starting from ρ 0 necessarily converges to ρ f ; iii) when ρ 0 satisfies tr(ρ 0 ρ f ) = 0, the initial control u 1 (t) = S sin (ω 21 t) (t ∈ [0, t ′ ]) is first used, where ω 21 λ 2 − λ 1 and t ′ is a small positive number satisfying tr(ρ(t ′ )ρ f ) = 0; then, with the switching Lyapunov control (47), the system trajectory starting from ρ(t ′ ) necessarily converges to ρ f .
PROOF. Conclusion i).
According to the proof of Theorem 3 (k = 1), for the initial state ρ 0 and the target state ρ f , the largest invariant set of the two-level system (38) only under the action of the standard Lyapunov control is E ′ = {ρ f } ∪ {ρ 2 = [ 0 0 0 1 ]}. It can be verified that when the system is in the state ρ f or ρ 2 , the switching Lyapunov control u 1 (t) in (47) always keeps as zero. This shows that E ′ is one subset of the largest invariant set of the system with the switching control (47) . On the other hand, for the switching Lyapunov control (47), the system state will keep transferring toward the target state when the state ρ(0) at the zero point0 of the bang-bang Lyapunov control does not satisfy the switching condition (39); while when (39) is satisfied, the control field will switch to the standard Lyapunov control and the system state will still continue evolving toward the target state. This shows that the switching control (47) will not generate any new stable state except ρ f and ρ 2 such that the system stops evolving. Hence, the largest invariant set of the system with the switching control (47) is still E ′ = {ρ f } ∪ {ρ 2 }.
Conclusion ii)
. If ρ 0 = ρ f , then the conclusion naturally holds. Next, we consider the case of ρ 0 = ρ f . The condition tr(ρ 0 ρ f ) = 0 implies that ρ 0 = ρ 2 . The Lyapunov function (15) takes the maximal value p 2 when ρ = ρ 2 and monotonically decreases under the action of the switching Lyapunov control (47) . Using Conclusion i), we know that the system trajectory starting from ρ 0 necessarily converges to ρ f contained in the largest invariant set E ′ .
Conclusion iii)
. The condition tr(ρ 0 ρ f ) = 0 implies that ρ 0 = ρ 2 . In this case, the use of the initial control u 1 (t) = S sin (ω 21 t) (t ∈ [0, t ′ ]) leads to tr(ρ(t ′ )ρ f ) = 0. Then, Conclusion ii) guarantees that the system trajectory starting from ρ(t ′ ) necessarily converges to ρ f .
Approximate bang-bang Lyapunov control
In Section 4, we proposed two switching design methods between Lyapunov control schemes to achieve improved performance. However, the switching points are not easy to determine for a general case. In this section, we further propose two approximate bang-bang (ABB) Lyapunov control approaches that can achieve rapidly convergent control [46] .
ABB Lyapunov control design
The first ABB Lyapunov control law is designed as
where S k > 0 is the maximum admissible strength of the control field u k , and γ k > 0 is a parameter used to adjust the hardness of the control function. The bigger γ k is, the harder the characteristic of u k (T k ) is. As γ k → +∞, the characteristic of u k (T k ) approaches the bang-bang Lyapunov control in (34) .
The second ABB Lyapunov control law is designed as
where S k > 0 is the maximum admissible strength of the control field u k , and η k > 0 is a parameter used to adjust the hardness of the control function. Here, the smaller η k is, the harder the characteristic of u k (T k ) is. Likewise, as η k → 0 + , the characteristic of u k (T k ) approaches the bang-bang Lyapunov control in (34) . The two smooth control laws (48) and (49) can show similar characteristics to bang-bang Lyapunov control by choosing appropriate hardness parameters. Hence, we call them approximate bang-bang (ABB) Lyapunov controls.
The ABB Lyapunov control laws (48) and (49) are two special forms of the smooth control law (19) . Therefore, the convergence results in Theorems 2, 3, and 4 naturally hold for these ABB control laws. That is to say, with the conditions in Theorem 3 or Theorem 4, the corresponding ABB Lyapunov control laws (48) and (49) are always stable.
Further construction of P
Since the control functions (48) and (49) are continuously differentiable, the qualitative construction relation of P in Theorems 3 and 4 can guarantee convergence to the target state. In order to speed up the control process in the early stages, we can design diagonal elements of P such that the early-stage control has a bang-bang property.
Without loss of generality, we assume that the target state is the N -th eigenstate, i.e., ρ f = ρ N . Consider the construction relation of P in Theorems 3 and 4, we denote P, ρ, H 0 and H k as the following block forms:
where I N −1 is identity matrix of order N − 1; ρ #1 , H Calculating T 1 (t) gives
Since the evolution state starting from any initial pure state always stays, we can obtain an estimate of the amplitude of T k (t) as:
For (55), when tr(
Assume that the initial state ρ 0 satisfies tr(ρ 0 ρ f ) < 1 2 and that the control laws (48) and (49) are regarded as having the bang-bang property when the control value reaches βS, (β ≈ 1, β < 1). In this case, we calculate from (48) and (49) 
respectively, the bang-bang property will be dominant in the control process. These two expressions imply that, when γ k is relatively small or η k is relatively large, p − p f should be large, and vice versa. The selection can also be explained as follows. When γ k is very large or η k is very small, a large p − p f will put |T k | in the saturation regions of the functions (48) and (49). This makes the whole control process similar to the bang-bang Lyapunov control in (34).
Numerical Examples
In this section, we present three numerical examples to demonstrate the performance of the proposed rapid Lyapunov control strategies. In the first example of twolevel quantum systems, we compare the standard Lyapunov control, the switching Lyapunov control and ABB Lyapunov control. In the other two examples for threelevel quantum systems and two-qubit superconducting (a) Fig. 1 . The evolution curves of the fidelities with the target state ( Fig. 1 (a) ) and the control fields ( Fig. 1 (b) ) under the bang-bang Lyapunov control and the standard Lyapunov control, where the bang-bang Lyapunov control shows a high-frequency oscillation phenomenon.
systems, the ABB Lyapunov control strategies are compared with the standard Lyapunov control. These simple quantum systems in the examples have significant applications in quantum information technology. The ABB Lyapunov control strategies are also applicable to general N -level quantum systems although more control fields are usually required to guarantee the controllability.
Two-level quantum system
Consider the two-level system (38) We present simulation results first for the bang-bang Lyapunov control (34) and standard Lyapunov control (20) ; then for the switching control (47) . In order to compare the control effect of the two classes of rapid Lyapunov control methods, we also present the simulation results for the approximate bang-bang Lyapunov control (48) with k = 1 in Section 5. In simulations, we let the control gain in (20) and (47) be K 1 = 0.4 such that the maximum value of the standard Lyapunov control can reach up to the maximum admissible strength S = 0.2. Through multiple simulations, we choose γ 1 = 11 in (48) such that the ABB Lyapunov control (48) can achieve rapid convergence. Simulation results are shown in Fig.  1 and Fig. 2 . Fig. 2 . The evolution curves of fidelities with the target state ( Fig. 2(a) ) and the control fields ( Fig. 2(b) ) under the switching Lyapunov control (47) and the ABB Lyapunov control (48) (ABB I).
Lyapunov control and the standard Lyapunov control. It can be seen from Fig. 1(a) that the standard Lyapunov control achieves convergence to the target state; and that the bang-bang Lyapunov control has better rapidness in the early stages but a high-frequency oscillation phenomenon occurs from t = 5.5 as shown in Fig. 1(b) . Fig. 2 shows the evolution curves of fidelities with the target state, and the control fields under the switching Lyapunov control, the approximate bang-bang Lyapunov control, and the standard Lyapunov control. It can be seen from Fig. 2 that these two classes of rapid Lyapunov controls have similar control performance and achieve excellent convergence to the target state. They have better rapidness than the standard Lyapunov control. In addition, the switching Lyapunov control has slightly better rapidly convergence than the ABB Lyapunov control in (48) . This is because that the switching Lyapunov control (47) always keeps the maximal control value 0.2 in the early stages (see Fig. 2(b) ). More simulation results also show that it is possible in the switching Lyapunov control to obtain better performance by using a control strength less than S for the initial bang-bang control field.
Ξ-type three-level system
Consider a three-level system with Ξ-type configuration. This system is controlled by only one control field, and its internal and control Hamiltonians are given as H 0 = , respectively. Assume that the maximum admissible strength of the control field is 0.1, and that the target state is the second eigenstate of the system, i.e., ρ f = |λ 2 λ 2 |. Based on Theorems 3 and 4, ρ f is isolated in the invariant set, and any system trajectory starting from initial pure states necessarily converges to ρ f under the action of the control law (19) or (33) with the control function forms of (48) or (49) .
Assume that that the initial state is given as ρ 0 = It can be seen from Fig. 3 that, as the hardness parameter increases, the rapidness of the approximate bang-bang Lyapunov control (48) is reinforced. At the same time its convergence rate decreases in the later stages. Based on simulation experiments, when 5 ≤ γ 1 ≤ 10, we can obtain improved control performance compared with the standard Lyapunov control for this system, considering both rapidness and convergence.
Two-qubit superconducting system
In this subsection, we consider the control problem of a superconducting quantum system of two qubits. Superducting qubits have been recognized as promising quantum information processing units due to their scalability and design flexibility [47, 48, 49] . Superconducting qubits can behave quantum mechanically while they can be controlled by adjusting some classical quantities such as currents and voltages. Here we consider the coupled two-qubit system in [50] where two charge qubits are coupled via an LC-oscillator. The system model can Fig. 4 . The evolution curves of the fidelities (Fig. 4 (a) ) and the Lyapunov functions (Fig. 4 (b) ) under the approximate bang-bang Lyapunov control (49) and the standard Lyapunov control (20) on a two-qubit superconducting system. be described aṡ
x , ρ(t) , (56) where
x = [ 0 1 1 0 ] are the Pauli matrices along the z and x directions, respectively. Considering the experimental parameters [51] , we assume that these control fields satisfy the following constraints: 1 GHz ≤ |u jz (t)| ≤ 20 GHz, |u jx (t)| ≤ 10 GHz, (j = 1, 2); and |u xx (t)| ≤ 0.5 GHz.
Assume that the target state is ρ f = |λ 1 λ 1 |. For simplicity, we let u 1z (t) = 10 GHz, u 2z (t) = 5 GHz, u 1x (t) = u 1 (t), u 2x (t) = u 2 (t), and u xx (t) = u 3 (t). Thus, the model (56) can be written aṡ
x , H 3 = σ (1) x ⊗ σ (2) x , |u j (t)| ≤ 10 GHz, (j = 1, 2), and |u 3 (t)| ≤ 0.5 GHz. The initial state is given as the pure state ρ 0 = (20) . According to simulation results, we know that the maximum values of the control fields are 3.9, 3.4, and 0.2, respectively. Therefore, we set these three values to be the maximum admissible strengths of the three approximate bang-bang Lyapunov control fields, i.e., S 1 = 3.9, S 2 = 3.4, and S 3 = 0.2. Further, we choose their hardness parameters as η 1 = η 2 = 0.005, and η 3 = 0.01, respectively. The simulation results are shown in Fig. 4 and Fig. 5 .
It can be seen from Fig. 4 that both the approximate bang-bang Lyapunov control (49) and the standard Lyapunov control (20) achieve convergence, but the rapidness of the approximate bang-bang Lyapunov control (49) is better than that of the standard Lyapunov control (20) . Fig. 5 shows that the three control fields associated with the approximate bang-bang Lyapunov control (49) have a bang-bang like property in the early stages of the control, which speeds up the control process.
Conclusions
In this paper, we have designed a switching Lyapunov control strategy between the bang-bang Lyapunov control and standard Lyapunov control and two approximate bang-bang Lyapunov control laws. These Lyapunov control laws can achieve rapidly convergent control for quantum systems by choosing appropriate parameters. In particular, convergence has been analyzed via the LaSalle invariance principle, and a construction method for the degrees of freedom in the Lyapunov function has been provided. We have also derived a sufficient condition for the existence of high-frequency oscillations that can be used for switching Lyapunov control design. Simulation experiments showed that the proposed Lyapunov control methods can achieve improved performance for manipulating quantum systems. Further research includes optimizing these parameters in the control laws and extending the proposed methods to more general quantum systems.
Appendix: Switching between bang-bang Lyapunov controls with different strengths
Here, we can design another switching Lyapunov control strategy for two-level quantum systems in Section 4, i.e., switching between bang-bang Lyapunov controls with different control bounds.
Observing the high-frequency oscillation condition for two-level systems in Theorem 6, it is clear that reducing the bang-bang Lyapunov control strength can avoid high-frequency oscillations. This observation inspires us to develop a new switching design strategy involving switching between bang-bang Lyapunov controls with different control bounds.
Assume that the state ρ(0) at the zero point0 of T 1 (t) satisfies the high-frequency oscillation condition in the bang-bang Lyapunov control (34) . In theory, any positive number such that the infinitesimal high-frequency oscillation condition is not satisfied may be chosen as the strength of the new bang-bang Lyapunov control. The selection of strengths is not unique. For instance, we can design the following bang-bang control strength:
where S(0 + ) represents the strength of the new bangbang Lyapunov control after time0; and µ 1 ∈ (0, 1) is a constant guaranteeing that the new control strength does not satisfy the high-frequency oscillation condition.
Considering the fact that 0 ≤ 2 (1 − ρ 11 (t))ρ 11 (t) = 2|ρ 12 (t)| ≤ 1 and |ρ 12 (t)| → 0 as t → ∞, we may design a coefficient-varying bang-bang control strength as follows:
where the constant µ 2 ∈ (0, 1) can be properly chosen. It is clear that the coefficient 2µ 2 |ρ 12 (0)| also guarantees that the high-frequency oscillation condition does not hold. Hence, we can use the following switching control law for the two-level system (38): 
where S(0 − ) represents the last strength of the bangbang Lyapunov controls before time0. In particular, the strength of the bang-bang Lyapunov control before the first zero point is S.
